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Abstract

Some different extensions to random sets of the most common parameters of a
random variable share a common rationale: a random set represents the imprecise
observation of a random variable, hence the generalized parameter contains the avail-
able information about the respective parameter of the imprecisely observed variable.
Following the same principles, in this paper it is proposed a new definition of the dis-
tribution function of a random set. This definition is simpler in its formulation and it
can be used in more general cases than previous proposals. The properties of the dis-
tribution function defined here are discussed: some issues about continuity, convergence
of the images of the distribution function, monotonocity and measurability are studied.
It is also stated that not all the information conveyed by the random set about the
original probability measure (the probability measure induced by the imprecisely ob-
served random variable) is kept by its distribution function.
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1. Introduction

Along with other interpretations (see, for example, [15,23]), random sets are
used to model imprecise perceptions of random quantities. In this context,
several authors have deal with the generalization of the definitions of the most
common parameters associated to random vectors. Thus, we can find in the
literature generalizations of the expected value [1,2,10], the median [5,6], the
mode [6], the variance [16-18,22], inequality indices [20] and the covariance
between two random variables [24]. Some of these definitions [1,5,6,17,18,24]
follow a similar scheme: since a random set represents the imprecise observa-
tion of a random variable, the new ‘“‘generalized parameter” contains the
available information about the respective parameter (the reader may consult
[18] for further explanation on this approach). According to this viewpoint, we
have considered in previous papers [3,7] a set of probability measures to rep-
resent the available information about the true probability measure governing
the random outcome. We study the some important properties about this set of
probabilities in connection with the upper and lower probabilities defined by
Dempster [11]. We think these studies should not be complete without making
a deep investigation about the (imprecise) information the random set provides
about the distribution function. In this paper, we start from the initial defini-
tion given by Kruse and Meyer [18] and we propose a modification that is
simpler in the formulation and can be used in a more general case. The paper is
organized as follows. In Section 2, we give an overview of the basic notions
about random sets, needed for understanding the rest of the paper. In Section 3
we introduce the new concept, comparing it with the initial definition given by
Kruse and Meyer. Afterwards, we study whether the properties of the distri-
bution function of a probability measure are also fulfilled in this context. First,
we show that the “random set distribution function” does not contain all the
information that I' provides about the probability measure of the vaguely
observed random vector. Then we examine whether the well known properties
of upper continuity and convergence of the images of distribution functions to
0 and 1 for divergent sequences of vectors are also satisfied in this general
environment for a suitable metric defined on 2([0, 1]). We prove that some
particular conditions are required to the images of I to satisfy this properties.
On the other hand, the “monotonicity” property of distribution functions is
not fulfilled in this context when set-valued arithmetic is used on 2(]0, 1]).
Finally, we prove that the random set distribution function is measurable
under certain particular conditions for I'. Section 4 concludes the paper.

2. Preliminary concepts

We will describe a random experiment by a probability space, (Q,.<Z, P),
where Q is the set of all possible outcomes of the experiment, .</ is a g-algebra



L Couso et al. | Information Sciences 159 (2004) 109-123 111

of subsets of Q and the set function P, defined on .7, is a probability measure.
We will represent by a measurable function, U, : Q@ — (', the observation of
some attribute of the elements in the referential set, Q. When our measurement
is not totally precise, we do not know the exact value, Uy(w), of the charac-
teristics for the individual w. Hence, we can define a multi-valued mapping,
I':Q— 2(&), that represents the imprecise perception of the measurable
function Uj: all we can observe about the point Uy(w) is that it belongs to the
set I'(w). Following the notation established by Kruse and Meyer [18], and
Meyer and Kruse [24] we will call U, the original random variable. A multi-
valued mapping I’ is called a random set when it is a measurable function with
respect to some g-algebra defined on a certain subset of 2(Q). We can find
several measurability conditions on the literature (see, for instance [14]). In this
paper, we are interested on the probability information provided by the multi-
valued mapping, so we need to consider the so-called strong measurability
condition [14].

Definition 2.1. Let us consider two measurable spaces (2, .o7) and (Q',./'), and
a multi-valued map I' : Q — 2(€'). Let us also consider, for each B € o/’ the
set €5 = {C C Q|CNB#0}. We say that I' is strong measurable when all the
sets ' (%3) = {w € Q|I'(w) UB}, VB € o/’ are .o/ measurable. In other words,
I' is strong measurable when it is an .«/-6({%|B € .«/'}) measurable function.

For any measurable subset of Q', B € @', the (measurable) sets I' "' (%) and
[T (%5)] = {w € Q'(w) C B} are respectively called the upper and lower
inverse [25] of B. From now on we will use the simpler notation B* = I'"' (%)
and B, = [ (%3)]".

In order to summarize the information that the random set I" contains about
the probability measure P o U, ', Dempster [11] defined the upper and lower
probabilities of any measurable set B by the formulae:

P'(B)=P{w e QII'(w)NB#0}/P{w € Q|I'(w) # 0}
_ P(B'|(?)) VBe o,

P.(B) = P{w € Q|I'(w) C B, I'(w) # 0} /P{w € Q| (w) # 0}
= P(B.|(Q)") VBe

Notice that they are well defined for the measurability condition above
mentioned. When [(2)]° = {w € Q|'(w) = 0} is a null set, the equalities
P*(B) = P(B*), and P.(B) = P(B.), hold VB € o/'. Through the paper we will
assume this condition is satisfied: if I is the mathematical model to represent
the imprecise observation about the measurable function U, I'(w) cannot be
the empty set, for any w € Q. At least it must contain the element U(w). Under
this condition, Dempster’s upper and lower probabilities constitute upper and
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lower bounds for the value Po U; !, i.e. P,(B)<PoU,'(B)<P*(B),VB € /.
Hence, some authors (see [23], for instance) describe the information provided
by I' about the “true’ probability measure by the pair of dual set functions P,
and P*. However, it seems to be more precise to consider, for each event
B € o', the set of possible probability values:

Pr(B) = {Po U™ (B)|U € S(I')},
where S(I') is the class of all measurable selections [14] of I':
S(I') ={U : Q — Q'|U measurable, U(w) € I'(w) Yo € Q}.
It is evident that the set of probability measures “dominated” by P*:
M(PT)={0Q: o/ — [0,1] probability|P.(B) < Q(B) < P*(B) VB € </'}
={Q: o' — [0,1] probability|Q(B) < P*(B) VB € </}
contains the class
AN ={Q: o/ — [0, 1] probability|Q(B) € Pr(B) VB € </'}.

On the other hand, it seems to be more operative to work with .#(P*) and so, it
would be interesting to know whether both classes do coincide: on the one
hand, we need to know whether A(I') is convex. The fact is not true in the
general case, as we check in [3,7]. Some authors (see [8,9,19]) observe that the
replacement of a set of probabilities by its convex hull may lead to the loss of
relevant information. On the other hand, we need to check whether the ex-
tremes of A(I') coincide with those of .#(P*). Some studies on that score can be
read in [3,4,7,13].

Now we have recalled these preliminary concepts, we can show the defini-
tions and results obtained in this work. In the following section, we will in-
vestigate the way to represent the information that I' provides about the
distribution function of the original random variable, Fy,. Thus, we will in-
troduce the concept of “distribution function of a random set”’, comparing it
with the definition introduced by Kruse and Meyer [18]. Then we will examine
the relationships between this new information and the information provided
by the sets of probabilities A(I") and .#(P*) above described. Afterwards, we
will show some interesting properties of the distribution function of a random
set.

3. The distribution function for imprecise data

Let us consider a probability space (Q,.oZ,P) and a random vector Uy =
(Ul,...,Uf) : @ — R* that represents the simultaneous observation of &
quantitative attributes of the elements in the initial space, Q. Let the multi-
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valued mapping I' : Q — 2(R*) model the imprecise observation of U,. The
information we have about the distribution function of Uy, Fy,, is given by the
set of functions:

F () ={F, : R* = [0,1]|U € S(I}.

Since every Fy determines the probability measure Po U~!, # (I') provides all
the available information about the “original” probability measure, P o U, .
On the other hand, when we consider a particular vector x = (xy,...,x;) € RE,
the information that I" contains about the value Fy,(x) = Po U, "' (—o0,x] is
determined by the following set of real values:

Fr(x) = {Fo@)|U € S(I)} = Pr((—o00,x] % -+ x (—00,x)).

The last is the most precise set that contains, with complete certainty, the
unknown value Fy,(x). The multi-valued mapping, Fr: R* — 2([0,1]) that
assigns to each x € R the value F-(x) will be called “the distribution function
of I'”.

This new concept is similar to the definition given by Kruse and Meyer [18],
but there exist some remarkable differences that we want to point out. Firstly,
the authors suppose that the random vector that represents the k-tuple of
characteristics of the members of the population studied, Uy, is defined on a
product space () x Qy,./| ® o/,, P, ® P,) where second probability space,
(25, o/, P,), must satisfy the following condition: for each 4 € [0, 1], there
exists some event 4, € .o/, that satisfies the equality P»(4,) = A. We think that
this condition is too much restrictive, since not every random experiment may
be described this way: let us think, for instance, on a random choice described
by a probability space (2, .oZ, P), where Q is a finite population. In this case, .o/
is a finite class of events, and, therefore, P can only take a finite number of
different values. Under the condition imposed by Kruse and Meyer above
mentioned, the images of F- are convex as they prove in [18]. This seems a good
property, since real intervals are determined by their extreme points. However,
in connection wit some studies about non-convex sets of probabilities (see, for
instance [8,9,19]), we can observe that the replacement of the set Fr(x) by its
convex hull may lead us to lose important information.

On the other hand, Kruse and Meyer only consider the possibility that the
random set may be expressed as the Cartesian product of & real random sets (k
characteristics separately observed). This model is not able to represent some
usual situations, as we describe below.

Example 3.1. Let us think, for instance, about a population of rectangles
where we can only measure their area. The information we obtain about the
pair (B(w),H(w)) (base and height) of a particular rectangle « from the
measurement 4(w) (area of ) is



114 L Couso et al. | Information Sciences 159 (2004) 109-123

I(w) = {(b,h) € (R V|bh = 4()} C B

In general, the information we obtain about a k-tuple of characteristics (U, .. .,
U{) of the individuals of a population from the measurement of a non-injective
function of them, S = g(Uj, ..., U¥) is given by the set-valued mapping:

T'(w)={(x1,...,xx) € Q1 x -+ X Qlg(x1,...,x) € S(w)}
CQp x--- X,

where €, is the set of possible values for the characteristic U), i = 1,... k.

Furthermore, according to Kruse ad Meyer [18], the images of the & com-
ponents, I'y,...,I';, of the random set, I', need to satisfy the following con-
ditions:

(i) If inf I';(w) > —oo, then inf I';(w) € I';(w).
(i)) If sup I';(w) < oo, then sup I';/(w) € I'i(w).
(i) If I';(w) is not a bounded set, then it must be convex.

In our opinion, these last conditions are very particular.

We can summarize by saying that our definition coincides with Kruse and
Meyer’s one under the particular hypothesis they impose. But, since we pretend
to describe the imprecise observation of a k-tuple of characteristics of elements
chosen at random from an arbitrary population, we think that no additional
conditions might be imposed to the initial space (2, .o, P) and the images of I

Now we will show some interesting properties of the mapping Fr. At first
sight, we could think that it is useful to replace the mapping Pr mentioned in
Section 2 by the distribution function Fy,, since the last is defined on R, while the
former is defined on a class of sets. However, contrary to the “classical”’ case
(precise observation described by a random vector) the distribution function
does not determine the set function Pr, as we show in the following examples.

Example 3.2. Let I' : @ — 2(R) be a random set with closed interval images. In
such a case, the real valued mappings f* f.: Q2 — R defined as
fil®w) =minT'(w), f*(w) = max I'(w), Vo € Q are Borel measurable, (see [13])
and their images are selected from the images of I'. Hence the images of F;, and
F}. are contained in those of F-. On the basis of Lemma 3.4 later on enunciated,
we can observe that the images of the distribution function of I" are given by

Fr(x) = {P(C)|C € o, (f) (~00,x] CC C (£.) ' (~00,x]} VxeR.

We can also see that, if the images of a multi-valued mapping I' : Q — 2(R)
have maximum and minimum values and they respectively coincide with the
images of f* and f,, then it has associated the same distribution function as I
(F r = F ad )
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Let us consider, for instance, the measurable space (Q= {w;,w,},
o = P(Q)) provided with the uniform (discrete) probability measure, P, de-
fined on 2(Q). Let us also consider the random sets I' and I’ defined on Q by

F(wl) = {0’ 1}7 F(wZ) = {2}v F/(wl) = [07 1]’ F,(wZ) = {2}

It is easy to check that they induce the same distribution function (Fr = Fy).
However, I' contains more precise information than I" about the original
probability measure. We can observe that there are only two probability mea-
sures that are compatible with I" (since I has only two measurable selections),
but there exists an infinity of probability measures that are compatible with I".

Example 3.3. Let us now consider two random sets, I" and I, defined on [0, 1] as

(3] ife<1/2,
H@_{pﬂ H3>U1

, 1,4] if 0<1/2,
F“”:{pﬂ &w>UZ

They have the same distribution function. It is the multi-valued mapping:
Fr:R— 2([0,1]), Fr(x) = [Fy,(x),Fy,(x)], Vx € R, where X; is a random
variable that takes the values 1 and 2 with the same probability (1/2) and X,
takes the values 3 and 4 also with the same probability.

We can observe that, in general, the distribution function of a closed ran-
dom interval only depends on the marginal distributions of its extremes.
However, if we want to know all the information that the random set contains
about PoU;', we need to know the joint distribution of the extremes,
Po (X1,X3)" . In [12] the author proves that, for a closed random interval I,
the knowledge of P.([a,b]) for all (a,b) € R* determines P,(4) and P*(4) for
any Borel set 4 € ff;. The same does not happen when we restrict to the class of
intervals of the type (—oo,x], as we have shown in this example.

We deduce from the above examples that the class of probability measures
determined by the multi-valued map Fr : R* — 2([0, 1]) does not coincide in
general with the more precise set 4(I') described in Section 2. We can also
compare the information provided by F about the “true” probability measure
P o U, ! with the set of probabilities dominated by P*, .#(P*), also described in
Section 2. We can deduce from the following example that none of these two
models provides, in the general case, more precise information about Po U, ',

Example 3.4. Consider the initial probability space (€,.«Z,P), where
Q=A{w,wm,w3}, o =P(Q) and P({w}) =P({w,}) =0.1, P({ws}) =0.8.
Let us now consider the multi-valued map I': Q — 2({0,1}) given by
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I'(w)) = {0}, I'lwy) = {1}, I'(ws) ={0,1}. It is easy to see that the (multi-
valued) distribution function of I' is given by

{0} if x <0,
Fr(x) = { {0.1,0.9} ifxe[0,1),
{1} ifx=1

Every probability measure Q : 2({0,1}) — [0, 1] compatible with this infor-
mation satisfies some of the three following conditions:

e O({0}) =0.1, O({1}) = 0.9.
e 0({0}) =09, O({1}) =0.1.
e Q has three atoms, {0}, {1} and {x}, where x € (0, 1), and their probability

values are Q({0}) = 0.1 = Q({1}) and Q({x}) = 0.8.

On the other hand, we see that the probability measures dominated by the
upper probability of I', P*, are those Q satisfying the conditions: Q({0}) = p,
O{1})=1—-p, 0.1<p<0.9.

We observe that none of these two classes of probability measures contains
the other.

The distribution function of a random set defined on R* preserves, in some
sense, some of the properties that characterize the distribution function of a
random vector, as we will show below. Some of these properties require the
existence of a metric. Since the distribution function of a set-valued function is
also set-valued, we need to consider a generalization of the usual metric on R to
the class of subsets of R. We will consider Hausdorff pseudo-metric on 2(R),
which is defined as

du(4,B) = max { sup inf |a — b|,sup inf |a — b} VA,B C R.
acd DEB bep a€4
If we consider the class of non-empty and compact sets of R, # (R")\{0}, the
pair (A (R")\{0},dq) is a complete and separable metric space.
Before showing the mentioned properties of Fr, we need to give some sup-
porting results.

Proposition 3.1 [7]. Consider the probability space (Q, </, P) and a Polish space
(E,1). Let I : Q — P(E) be o/-0({%5|B € Br}) measurable with closed and non-
empty images. Then

P'(4) =maxPr(4) and P.(4) =minPr(4) V4 e F(E)UY(E)

(F (E)—resp. 9(E)—denotes the class of closed—resp. open—sets in (E,1); B
denotes the Borel g-algebra on (E,1)).



L Couso et al. | Information Sciences 159 (2004) 109-123 117

Proposition 3.2 [7]. Let us consider a probability space (Q, </, P), and a normed
space (E,|| -||). Let us also consider an <of-c{{€p|B € Py}) measurable multi-
valued mapping, I : Q — P(E). Suppose that T' () is open and bounded, Vo € Q
Then

P*(4) =maxPr(4) and P.(A) =minPr(4) VA € .

Lemma 3.3 [7]. Let us consider a probability space (2, </, P), and a measurable
space, (', o1"). Let T : Q — P(Q') be a simple random set (a random set with a
finite number of different images). Then

P.(4) = maxPr(4) and P*(Ad)=Pr(4) VAe.L

Lemma 3.4. Let us take a probability space (Q,.s/,P) and a measurable space
(2, o). Let T : Q — 2() be a random set and let us consider an event A € of'
such that {P.(A4),P*(4)} C Pr(A4). Then

Pr(4) = {P(C)|C € o/,4, C C C A7},

Proof. By hypothesis, there exist two random selections of I', X, X, :
Q — 2() such that Py, (4) = P.(4) and Py,(4) = P(4*). Hence: 4. C X['(4)
with P(X;1(4)\ 4.) =0, and X, '(4) C 4* where P(X;!(4)\ C3) = 0. Let us
now take an arbitrary C € .7 such that 4, C C C 4* and consider the random
variable X¢ := Xjlcc + Xole. It 1s a measurable selection of I'. On the other
hand, it satisfies the equality P o X-'(4) = P(C). Hence P(C) belongs to the set
of values Pr(4). O

Lemma 3.5 [25]. Consider a probability (Q,.</,P), a measurable space (Q',.s/")
and random set I' : Q — P(Q'), with lower probability P.. Then, for a decreasing

sequence of sets {A,},.n, we have

P.(4,) | P. ( lim A,,) .
The following classical result can be found in [27].

Lemma 3.6. In a Hausdorff topological space, (E,7), the following statements
are satisfied.

1. The intersection of a decreasing sequence of compact and non-empty subsets of
E, {K,},eny © A (E) \ {0}, is also non-empty.
2. If F is closed and K is compact, then K N F is compact.

Lemma 3.7. Let us consider a probability space (Q,.</,P), a Hausdorff topo-
logical space (E,t) and its Borel o-algebra, ;. Let I : Q — P(E) be a random
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set with compact and non-empty images. Let us also consider a decreasing se-
quence of closed subsets of E, A, | A. Then P*(4,) | P*(4).

Proof. It is sufficient to prove that the sequence {4}, , converges to A*. On the
one hand, it is evident that 4, , C 4; Vn € N. On the other hand, the equality
-, 4; = A* holds by Lemma 3.6. O

We also need to prove the following lemma, to get one of the main results in
this section. On the other hand, it is important by itself, since it improves a
result given in [21].

Lemma 3.8. Let (Q,.</,P) be a probability space and let us consider a normed
space (E,|| - ||). Let T : Q — P(E) be a random set (measurable with respect to
the Borel a-algebra) with bounded images.

1. If T'(w) is open, for all ® € Q, then there exists a sequence of simple random
sets with compact images, {I',},cn, such that T'y(w) C T'yii(w), Yo € Q,
Vn e N and I'(w) = J,en T'n(@), Yoo € Q.

2. If T'(w) is closed, for all » € Q, then there exists a sequence of simple random
sets with compact images, {I',},.\, such that, for each » € Q, there exists
n(w) € N such that I',1(w) CT,(w), Yo € Q, VYn=n(w) and I'(w) =
(> n(w) [n(@), Yoo € Q.

Proof. Let us consider a sequence of positive numbers converging to 0. Since
BLO; n) is compact, there exisis, for each_ neN, a class of sets
{B(x{;€), ..., B(x}, ;€,)} such that B(0;n) C i, B(x];¢,). Let us now consider
the class of sets {E7,...,E}, }, where E := B(0;n) N B(x];¢,).
Let us define, for each n € N, the class %, = {4],... ,AZ”} as follows:

kl = my,

A} ::El.1 Vi=1,...,my,

B! :=E'NBO;n—1)) Vi=1,...,m,, n=>2,

C; ::E;’ﬂA;”l Vi=1,....m,, j=1,....m,_ 1, n>=2,

Co=1{4],...,4; },

={B},...,B, ., Cl},.-,Cin,,,--,C, c b Vn =2

myly ) M mym,
This family of sets satisfies the conditions 6(4?) <e,, i=1,...,k,, n € N and
U, 47 = B(0;n).

1. Consider, for each n € N, the measurable set-valued function I', : Q —
P(E) defined as I',(w) = Uiyt mjarcrio) 4i- We observe that it has a fi-

nite number of different images (it 1s a simple multi-valued mapping).
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Let us now prove that, for each w € Q, the sequence of sets {I',(w)},.y
is increasing: if x € I',(w), then there exists some index i, € {1,...,k,},
such that x € 47 C B(0;n). Since B(0;n+ 1) = "' E/*', we have 4] =
Ut nEfty = U Cpi'. Therefore, there exists some index
Jjn€{l,...,m,} such that x € C”+ € €,.1. Furthermore, C"+ 1 C Ar C
I'(w). Thus x € I'yy1(w). On the other hand, according to the definition of
{T',},cns it s evident that I',(w) C I'(w), Yo € Q,n € N. Finally, let us
prove that, for each w € Q we have that I'(w) C |J,.y I'»(w). For arbitrary
o € Q and x € I'(w), since I'(w) is open and bounded, there exist n; € N
such that I'(w) C B(0;n;) and € > 0 such that B(x;e) C I'(w). Let us take
some n; € N so that €, < €/2, Vn = ny. Let ny := max{nl,nz} Under these
conditions, we know that there exists i, € {l,...,k,} such that
x € 4;,, C I'(w). Thus, x € I'; (o).

2. Let us consider, for each n € N, the set-valued function I', : Q — Z(E) de-
fined as I'y(®) = Ugcqi_myaerw)z0y 4i- We observe that it is simple and
measurable. Following a simifar scheme as in part 1, we can see that this se-
quence satisfies the required conditions. [J

On the basis of the previous results, we can investigate whether the well
known properties that characterize the distribution functions of random vec-
tors are fulfilled in this general context. First we will study the limits and the
right continuity.

Proposition 3.9. Let us consider the probability space (Q,.</,P). Let
I':Q— P(RY) be a random set with closed images. Then, the following prop-
erties are fulfilled.

1. (Limits) If the images of T’ are bounded subsets of R a.s.(P) then:
o lim,. . dy(Fr(xy,...,x,...,x;),{0}) =0.
° 111’1’1,51HOC """"" Xp—00 dH(Fp(xl, N ,Xk), {1}) =0.

2. (Right- contlnulty) If the images of I' are compact, then

ligldH(Fp(x),Fr(a)) =0.

Proof. 1. Consider, for each i € {1,...,k} the measurable set-valued function
I'; =11, o I', where IT; is the ith projection. Let us also consider the measurable
real function f;" := sup I';. Under the hypotheses of this theorem, each function
f; is bounded a.s.(P). So, the k-dimensional random vector f* = (f},...,f) is
also bounded. Hence, lim, . o Fp(xi,...,x,...,x)=0. Since Fp(x) >
sup Fr(x) Vx € Rf, we obtain that

111’3’1 dH(Fp(xl,...,x,...,xk),{O}) = 111;1'1 supr(xl,...,L...,xk) =0.

The proof is similar to the last one.
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2. Let us take a decreasing (for the partial usual order in R¥) sequence
{%m }en € R, that converges to a vector a, x,, | a. For an arbitrary m € N,
take an arbitrary x € Pr((—o0,x,]). We know that x = P(C) with C € </ and
(—00,x,], € C C (—00,x,|". Since (—o0,a], CCN(—o00,a]" C (—o0,a]”, we
know by Proposition 3.1 and Lemma 3.4, that P(C N (—o0,a]") € Pr((—o0,d]).
On the other hand, C C (—o0,x,]" and (—o0,d]" C (—o0,x,]", so we see that
P(CN((—00,a]")) < P*((—o0,x,]) — P*((—00,a]). Hence we obtain that
infycp, (—oca) ¥ = ¥| <P*((—00,X4]) — P*((—00,a]). Similarly, for an arbitrary
Yy € Pr((—o0,a]), we can see that inficp (—oox,)) ¥ — ¥ < P((—00,x,)) —
P.((—00, a]). Since lim,,_, P.((—00, x,,]) = P.((—00, a]) (see Lemma 3.5) and
lim,, ., P*((—00, x,]) = P*((—o0, a]), we immediately deduce the thesis of this
result. [

We can see that Fr does not necessarily fulfill the dy-right continuity
property when we do not impose the condition that I has compact images, as
we observe in the following example.

Example 3.5. Consider the probability space ([0, 1], By, 4.1]), Where By, is
the restriction to [0, 1] of the Borel o-algebra induced by the usual topology on
R, and 4o, is the restriction of Lebesgue measure to the same interval. Con-
sider the constant set-valued mapping I':[0,1] - 2(R) defined as
I'(x) = (0,1), Vx € [0, 1]. Consider the point @ = 0 and a decreasing sequence of
values {x,},n, X« >0, Vi € N converging to 0. Under these conditions, we
observe that Fr(x,) = [0,1], Vn € N. But, on the other hand F-(0) = {0}, so
lim, ., du(Fr(x,),Fr(0)) =1+#0.

On the other hand, we can check that the “extended monotonicity’’ property
of distribution functions is not fulfilled in this more general case. Let us con-
sider the set-valued mapping AF; : Rec(R") — 2(R) defined as AF;(a,b) :=
&f 17, ® Fr(v;) (set-valued arithmetic), where the v;s are the 2" vertices of the
rectangle determined by @ and b, and y, := (—1)" for the vertices with » max-
imum coordinates and k — » minimum coordinates, Va, b € R* such that a <b,
where “ < is the usual partial order defined in R*. Then, the images of AF} are
not necessarily contained in R*. In the “classical” case of random vectors
(precise observation of the characteristics), the images of Fr are positive
numbers (see, for instance [26]).

It is well known in probability theory that the distribution function of a
random vector is measurable. Next, we will show that the distribution function
of a random set is also measurable, under some particular conditions.

Theorem 3.10. Let (Q, .7, P) be a probability space and I' : @ — P(R¥) a simple
random set with Bp-measurable images. Then the set-valued mapping Fr is also
measurable.
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Proof. Let us suppose that I can be expressed as I' = @;_1P,4; © I¢,, where
C; € o/ (this condition is satisfied if I' is .«7-6(€(f+)) measurable) and 4; is
measurable, Vi = 1,...,n. Now consider the family of sets IT := {(._, B:|B; €
{4;,45} Yi=1,...,n}. Let us denote by Dy,...,D, the elements of I1. This
family of sets is a partition of R¥. Let us consider an arbitrary i, € {1,...,r}
and two arbitrary elements (in case of their existence) of it x, y. If D, does not
have maximum and minimum or else x and y do not coincide with them, then a
simple but large proof leads us to see that F-(x) = F(y). Thus, for each x € R*
the set R(x) = {y € R*|Fr(y) = Fr(x)} belongs to the set of (finite) unions and
intersections of the elements of the family: {Di,...,D,} UU_ {{x}Ix €
{min D;},max D;}. Since the elements of this class are fg-measurable, the
former set, R(x) is also measurable. We also see that Fi- has a finite quantity of
different images.

To see that Fr is measurable, we need to prove that, for each S € ff, the set
{x € R*|Fr(x) NS # 0} is fpe-measurable. We have proved that Fr is simple,
so it suffices to prove that for an arbitrary Borel set D € fiz, {x € R¥|
Fr(x) = D} is Pp-measurable. This is true according to the arguments in last
paragraph. O

Theorem 3.11. Let (Q,.</,P) be a probability space. Let T : Q — P(R") be a
random set with open and bounded images. Then, Fr : R" — 2([0,1]) is mea-
surable.

Proof. By Proposition 3.2 and Lemma 3.4, we have that Pr(—oo,x] =
{P(C)|C € o/|(—00,x], C C C (—o0,x]"}. On the other hand, by Lemma 3.8,
we know that there exists an increasing (in Kuratowski sense) sequence of
simple random sets, {I',},.y, such that I'(w)=J", I'.(w), Yo € Q. By
Lemma 3.3, we obtain that P/((—o0,x]) =maxPr((—o0,x]), and
P,.((—00,x]) = min Pr((—o0,x]), where P/ and P,. are respectively the upper
and lower probabilities of I',. Hence, we have that Pr ((—o0,x]) =
{P(C)|4,. € C C 4*}, where A4, denotes the measurable set {w € Q|I',(w) C
(—o00,x]} and 4% is {w € Q|I',(w) N (—o00,x] # 0}. Furthermore, we can easily
see that P*((—o0,x]) = lim,_., P(4}) and P,((—o0,x]) = lim,_, P(4,.). Let us
prove now that lim,_., du(Pr((—o0,x]), Pr,((—o0,x])) = 0. Let us take an ar-
bitrary y, € Fr,(x). Then y, = P(C), with 4,. C C C 4*. We can also observe
that 4, C4,. CC C 4, C A% so P(C) € Pr(4) and then inf.cp 4 [y» — 2| = 0.
We can also observe that, for an arbitrary z € Pr(4), inf,, cp. 1) |z — yu| <€(n),
where {€(n)},. converges to 0.

Thus, Fr is the punctual limit (in dy or Kuratowski sense) of the sequence of
set-valued mappings {F7,},.n- On the other hand, each set-valued mapping
Fr, : R¥ — 2(]0,1]) is simple since I', is. We also know that it is measurable, by
Theorem 3.10 (the images of each Fp, are fp«-measurable, since they are
compact. Hence, we haven proved that F is measurable. [
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4. Concluding remarks

Here, we have checked the measurability of Fr in very particular cases. As
an open problem, we plan to prove it in a more general case. A similar proof to
that of Theorem 3.11 would not apply in a different case: in [7] we have pro-
vided some results related to the equality P* = sup 2(I') under different con-
ditions for the images of I'. However, in the general case we cannot get an
“increasing” sequence of simple random sets that converges to I'. So, we
should verify the measurability of F with different techniques.
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